The characteristics of a passive nonlinear isolator are developed by combining a curved-mount-spring-roller mechanism as a negative stiffness corrector in parallel with a vertical linear spring. The static characteristics of the isolator are presented, and the configurative parameters are optimized to achieve a wider displacement range at the equilibrium position where the isolator has a low stiffness and the stiffness changes slightly. The restoring force of the isolator is approximated using a Taylor expansion to a cubic stiffness. Considering the overload and underload conditions, a dynamic equation is established as a Helmholtz-Duffing equation, and the resonance response of the nonlinear system is determined by employing the harmonic balance method (HBM). The frequency response curves (FRCs) are obtained for displacement excitations. The absolute displacement and acceleration transmissibility are defined and investigated to evaluate the performance of the nonlinear isolator, and they are compared with an equivalent linear isolator that can support the same mass with the same static deflection as the proposed isolator. The effects of the amplitude of the excitation, the offset displacement, and the damping ratio on the dynamic characteristics and the transmissibility performance are considered, and experiments are carried out to verify the above analysis. The results show that the overload and underload system can outperform the counterparts with the linear stiffness, softening stiffness, softening-hardening stiffness, and hardening stiffness with the magnitude of the excitation amplitude, and that its isolation performance is generally better than that of a linear system. The transmissibility, response, and resonance frequency of the system are affected by the excitation amplitude, offset displacement, cubic stiffness, and damping ratio. To obtain a better isolation performance, an appropriate mass, not-too-large amplitude, and larger damper are necessary for the proposed isolator.
Introduction
The purpose of vibration isolation is to avoid or reduce the undesirable effects of vibration with the aid of a device that isolates the vibration sources. Currently, passive vibration isolation and control is the most prevalent vibration-isolating approach. The theory for both passive linear and nonlinear vibration isolation has been fully studied [1] [2] [3] . A linear vibration isolator is the simplest and most effective passive vibration isolator, but such an isolator has a fixed stiffness and can only isolate a vibration that is √ 2 times greater than the inherent frequency of the isolator, with a poor capability to isolate low-frequency vibrations [4] . However, a nonlinear vibration isolator can obtain a lower dynamic stiffness and a higher static-carrying capacity, leading to an outstanding low-frequency vibration isolation performance [5] . Therefore, theories and applications of nonlinear vibration isolators have gained popularity among scholars and have become a hot topic in research.
Nonlinear vibration isolators may be realized with special structures or devices. For example, Virgin and Davis created a nonlinear vibration isolator with curved beam structures [6] . Zhang et al. [7] used a beam under axial force at its two ends to get the same kind of stiffness. Molyneux [8] developed a structure composed of two inclined springs to get very low stiffness. According to the most commonly available approach, quasi-zero stiffness is realized through parallel positive and negative stiffness. The positive stiffness is generally generated by a compression spring, while the negative stiffness is realized by a variety of means, such as springs, magnets, electromagnetism, and buckle beams [9] . Depending on differences in the size of the target position space, the bearing capacity, and the frequency band that must be isolated, different structural forms are adopted to gain negative stiffness. Carrella et al. studied an isolating system with a three-spring structure and performed an analysis of the static and dynamic characteristics and an optimization of the system [10, 11] . Kovacic made some improvements to a three-spring structure by replacing the oblique spring with two nonlinear springs, thereby obtaining a system with lower stiffness and a wider displacement range near the equilibrium position [12, 13] . Thanh applied a connecting rod-spring mechanism as a negative stiffness element to isolate vibrations on vehicle seats and experimentally verified the excellent performance of the mechanism [14, 15] . Alabuzhev et al. [16, 17] investigated the effect of a stiffness corrector that acts as a negative stiffness structure to improve the isolation performance and summarized many prototypes characterized by quasi-zero stiffness. Platus [18, 19] exploited two bars hinged at the center and loaded in compression to get negative stiffness. Yang studied the kinetics and power spectrum characteristics of a negative stiffness mechanism composed of two mutually articulating bars that articulated under an axial load [19, 20] . Guangjun et al. established a static model using a thin-walled beam structure as the negative stiffness element and conducted an experimental study [21] . Xingtian et al. created a quasi-zero-stiffness vibration isolator using a symmetric skewed Euler beam as the negative stiffness element and theoretically studied the effects of the excitation amplitude, damping ratio, and other such parameters on the frequency response characteristics and vibration isolation performance of the system [22] [23] [24] . Zhenhua studied a spherical roller-based nonlinear suspension and analyzed the corresponding frequency component of the system under harmonic excitation based on a Fourier transform [25] . Lingshuai designed a novel quasi-zero-stiffness isolator by combining a disk spring and a linear coil spring and analyzed the static and dynamic characteristics of the isolator [26] . Xudong studied a quasi-zero-stiffness isolator, which consisted of air springs, by analyzing both the static and dynamic characteristics of the quasi-zero-stiffness isolator and applying the system to the isolation of vibrations in an off-road ambulance stretcher [27] . For the on-board precision instruments on the off-road vehicles, the low-frequency vibration of 0.5-70 Hz is the major damage frequency. To improve the vibration isolation for the on-board precision instruments on the off-road vehicles, a low-frequency isolator is proposed. In this paper, a nonlinear isolator is developed by combining a curvedmount-spring-roller mechanism with a vertical linear spring as shown in Figure 1 . The mass is supported by a vertical linear spring with a static deflection. At this position, the curved-mount-spring-roller mechanism is arranged onto the mass horizontally to give no vertical restoring force, while the mechanism can adjust the stiffness of the linear spring by deflecting in the horizontal direction. The proposed isolator composed of three linear springs is simple and convenient to use, occupying small space; it can offer greater support capacity and greater displacement range. Therefore, it is suitable for being used for the occasion with space limitation for isolators, and especially a limitation in the vertical direction. The supported load can be adjusted according to needs. The aims of this study are to design a nonlinear isolator and its configurative parameters, investigate its static and dynamic characteristics and the effects of overload or underload on the isolation performance of the proposed isolator, and build an experimental apparatus to verify the isolation performance of the overloaded isolator.
Static Characteristics of the Nonlinear Isolator

Static Model of the Isolator.
A negative stiffness mechanism is unstable, so it cannot work as an isolator alone. However, it can be combined with a positive stiffness element, i.e., a linear spring, to get an isolator that cancels the positive stiffness. As shown in Figure 1 , the proposed curved-mountspring-roller isolator is composed of a vertical spring (1), two horizontal springs (2), a holder (3), a roller (4), and a curved mount (5) . The curved mount is connected to a base such as a carriage floor, and the holder supports the mass moving up and down with the vertical spring. The roller can roll up and down along the track on the curved mount. When the mechanism is at the equilibrium position presented in Figure 1 (b), the rollers contact the highest point on the curved surface of the curved mount. This is the working position of the mechanism. The configurative parameters are the vertical spring stiffness V , stiffness of the horizontal springs ℎ , radius of the roller , and the radius of the curved mount . The chord length of the curved surface is 2 .
It is assumed that both the vertical spring and the horizontal spring are in a relaxed condition at the initial state = −ℎ, as shown in Figure 1(a) . With the mechanism moving down from the initial state, the horizontal springs are compressed. They can provide a restoring force in the vertical direction, which can cancel the restoring force provided by the vertical one. When the mechanism reaches the equilibrium position = 0, it just can cancel all the restoring force of the vertical spring. Based on the analysis given above, the nondimensional force-displacement relationship of the isolator can be obtained from
Define the nondimensional parameters:
The restoring force can be written in the nondimensional form as follows:
Differentiating (3) with respect to the nondimensional displacement̂, the nondimensional stiffness of the isolator can be obtained. Both the nondimensional force and stiffness of the isolator are a function of the nondimensional displacement.̂=
By differentiating (4) with respect to the nondimensional displacement, the following can be yielded:
For̂= 0, it can be derived from (5) that̂= 0. Therefore, the nondimensional stiffness of the nonlinear isolator has a minimum at the equilibrium position̂= 0 and is given bŷ
The minimum stiffness at the static equilibrium position is set to zero. Then, the stiffness ratio that yields the quasi-zero stiffness is as follows:
Eq. (7) is the zero-stiffness condition of the isolator. When , , , and̂ℎ satisfy (7), the isolator has a zero-stiffness point. Substituting (7) into (4), then the stiffness expression can be obtained as (8) , where it can be seen that the nondimensional stiffness is a function of the nondimensional displacement which is affected by the configurative parameters of the mechanism and its trough is zero:
2.2. Optimization of the Isolator. According to the above analysis, it is possible for the mechanism to have zero stiffness with appropriate matching parameters. Except for a zerostiffness property, it is desirable for the isolator to have low nondimensional stiffness in a wide range of nondimensional displacementŝfrom the static equilibrium position. Substitutinĝ=̂±̂= ±̂into (4), the relationship between the nondimensional displacement̂and the configurative parameters is obtained aŝ
It can be seen that the nondimensional displacement is determined by the configurative parameters , ,̂ℎ, and the stiffness . They are chosen from the set 0.1 < ≤ 0.5, 0.5 < ≤ 1, 0 ≤̂ℎ ≤ 1, and 0.1 < ≤ 5 according to the practical engineering conditions and the special requirements of the mechanism in the practical vehicle application. Note that the stiffness ratio calculated using (7) should be positive, and the stiffness also should not be negative. The optimization criteria include the condition that the largest displacement is achieved when the stiffness of the isolator is equal to that 
where = 4, 1 = , 2 = , 3 = , 4 = ℎ , = 1, = 15, and = 10. Based on the calculation through a genetic algorithm, the optimization results are = 0.3, = 0.4777, and̂ℎ = 0.2, and the nondimensional displacement iŝ= 0.52. We get the optimal parameters (Group 1) and other parameters satisfying the optimization criteria listed in Table 1 and plot the stiffness-displacement curves in Figure 2 . It is obvious that the optimized isolator has a very small stiffness in the region around the equilibrium position, and a larger displacement from the static equilibrium position with a smaller stiffness.
Approximation of the Restoring Force.
To simplify the expression of the restoring force, which is very complicated, (1) can be expanded to a third-order Taylor series at the zerostiffness position̂= 0 by neglecting the higher-order terms. The approximate restoring force is given bŷ
where and the cubic stiffness 3 are the parameters defined for simplicity. The exact restoring force expressed by (3) and the approximate restoring force expressed by (4) are plotted in Figure 3 for the optimal parameters, that is, Group 1 in Table 1 . Note that the error of the approximation depends on the nondimensional displacement and less than 10% for the region |̂| ≤ 0.6. 
Dynamic Characteristics of the Nonlinear Isolator
Setting Up the Differential Equation of the Motion and the Approximate Solution.
In the ideal condition loaded with an appropriate mass called rated mass 0 , the isolator will be balanced at the equilibrium position̂= 0. For this condition, the negative stiffness can completely cancel the positive stiffness at this point, which means that the stiffness at this point is zero, as shown in Figure 4 (a). The mass is Mathematical Problems in Engineering supported by the vertical spring, with the restoring force provided by the horizontal springs at zero at this point. If the isolated mass is not just the rated mass, i.e., ̸ = 0 , the system will not balance at the zero-stiffness point; rather, it will be balanced at̂= +̂0 for > 0 . This is called the "overload state"; by contrast,̂= −̂0 for < 0 is called the "underload state", and̂0 is called the offset displacement illustrated in Figures 4(b) and 4(c). In this static state, the system is found to satisfy the following equilibrium equation:
In practical operation, mass changes frequently occur in practical situations, and it is difficult to ensure that the system is balanced at̂= 0. Thus, it is significant to consider the isolator under an overload or underload condition. When balanced at̂= 0 or̂= − 0 , the stiffness of the isolator at the equilibrium position is never the minimum stiffness according to Figure 5 . It can be found that the stiffness of the isolator in an overload state is lower than that of the linear isolator but larger than that of the ideal state of the isolator. In the figure, "o" indicates an overload system, and " * " indicates an underload system. Thus, the isolation performance of the isolator under these conditions should be different than when the isolator is loaded at a rated mass.
Assuming that the isolator is balanced at the new static equilibrium point and is exposed to a base displacement excitation = 0 cos( ), where 0 is the amplitude and is the excitation frequency, and applying Newton's second law of motion, the differential motion equation of the isolated mass can be determined as
where = − is the relative displacement between the isolated mass and the base and ( ± 0 ) is the restoring force of the system. By combining (12a), (12b), and (13), the following nondimensional parameters are obtained: 
where = √ V / is the undamped natural frequency of the system without a negative stiffness mechanism.
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In terms of these nondimensional parameters, (10) can be rewritten aŝ
where a prime denotes the nondimensional time ( ) derivative, and the unknown phase difference between the excitation and response is added to the excitation. By rewriting (15) , the nondimensional approximate dynamic equation that expresses the steady-state vibration of the isolated mass around the equilibrium position can be obtained:
where 1 = 3 3 0 2 , 2 = 3 3 0 , and +/− denotes "overload" and "underload", respectively. Eq. (16) is the well-known Helmholtz-Duffing equation, which can be recast in the form of a Duffing oscillator under asymmetric excitation.
By setting and substitutingV =̂±̂0 into (16), the nondimensional approximate steady-state dynamic equation isV
where 0 = 3̂0 3 . In order to find the steady-state response of the system, the Harmonic Balance Method is a useful approach [28] . Here, the approximate steady-state solution of (17) can be assumed to bê
where 0 and 1 represent the amplitude of the constant and the harmonic terms for the steady-state response, respectively. Substituting (18) into (17) and neglecting the higher harmonic terms, the following can be obtained:
By equating the coefficients of the same cosines and sines from both sides of (19) , the steady-state condition expressed by the following algebraic equations in terms of a bias term 0 , the amplitude of the harmonic term 1 , and the phase can be determined:
Combining (20a), squaring, and adding (20b) and (20c) lead to a frequency-amplitude relationship as follows:
Eqs. (21a) and (21b) are the implicit equations for the amplitude of the bias term 0 . They are valid for the equilibrium points at = + 0 and = − 0 , respectively, corresponding to the "overload" and "underload" states. By solving (21a) and (21b) and combining the result with (20a), the response of the mass under base excitation can be obtained for the determined system parameters. Eqs. (21a) and (21b) can be taken as a quadratic polynomial about Ω 2 . Then, the implicit equation for the peak amplitudes 0 and 0 of the bias term and the corresponding frequency Ω 0 (Ω 0 ) can be derived as follows in (22a) and (22b) for "overload" and (23a) and (23b) for "underload": By combining (22a)-(22b) and (23a)-(23b) with (20a), the amplitude of the harmonic term 1 and its peak amplitudes 1 and 1 can be derived. The frequency response curves (FRCs) of the overload and underload system are determined by (21a) and (21b).
As stated above, for the ideal isolator with an equilibrium position at̂= 0, its steady-state solutions under displacement excitations can be derived by settinĝ0 = 0 through the procedure above. And its nondimensional approximate steady-state dynamic equation for the displacement excitation isV
Then the amplitude frequency equation can be derived as below, and the peak amplitude 1 of the response and the related frequency Ω can be achieved. (25c)
16
By removing the negative stiffness mechanism, the equivalent linear system corresponding to the ideal system can be acquired. Its dynamic equation and its amplitude of the steady-state response are as follows:
Effects of the Offset Displacement, Excitation Amplitude, Damping Ratio, and Cubic Stiffness on the Transmissibility.
The optimal configurative parameters illuminated in Section 2.2 and the damping ratio = 0.03 are used to conduct the following investigations. For the displacement excitations, the values of the offset displacement̂0, excitation amplitudê 0 , damping ratio , and cubic stiffness 3 are chosen to study their effects on the nonlinear isolator. The FRCs of the ideal system and the equivalent linear system are also illustrated for comparison. Three offset displacements, four excitation levels, four damping ratio values, and four cubic stiffness values are studied. The relative result curves are presented in Figures 6-8 with "red dashed line" denoting unstable solutions, "black solid line" denoting stable solutions, and "o" displaying the peak response.
For a system with a certain nonzero offset displacement as shown in Figures 4(b) and 4(c) , under the displacement excitation, the bias and harmonic terms of the response both exist. With an increase in the excitation amplitude, the amplitude of the harmonic term 1 increases, and it may appear unbounded. Obviously, the effect of the excitation amplitude on the bias term 0 is only around the resonance frequency. In this region, a larger excitation amplitude leads to a smaller peak amplitude of the bias term. Far away from this region, the bias term 0 changes a little and approaches the value of the offset displacement̂0. The resonance frequency of the system decreases at first, then increases later, and becomes larger as the excitation amplitude increases continuously. This is different in that both the amplitude of the response 1 and resonance frequency Ω of the ideal isolator increase with an increasing excitation amplitude. In other words, for the ideal system, the stiffness characteristics exhibit linear stiffness when the excitation amplitude is small, and as the excitation amplitude increases, it exhibits the hardening stiffness feature.
However, for an overload or underload system, it might exhibit softening stiffness, softening-hardening stiffness, or hardening stiffness, which change along with the excitation amplitude. With an increase in the excitation amplitude, the number of steady-state solutions of the overload system increases. This number may be a maximum of five, three, or one, and multiple jumps occur. Kovacic et al. confirmed the same conclusion for a force excitation [12, 13] . It also can be seen that, for an overload or underload system, the harmonic term amplitudes 1 of the response are the same, but the bias term amplitudes 0 are symmetric about 0 = 0, which is the static equilibrium position of the system loaded by the rated mass.
For the same displacement excitation, a decrease in the offset displacement̂0 results in a decrease in the bias term amplitude 0 , the harmonic term amplitude 1 , and resonance frequency Ω . The bias term amplitude disappears when̂0 = 0. When the offset displacement is fixed, when the cubic stiffness increases, the bias term amplitude and the peak of 0 decrease, but the harmonic term amplitude, the peak of 1 , and the corresponding resonance frequency for the peak increase instead. The number of steady-state solutions also increases. In addition, it can be found in Figure 7 that the effects of the cubic stiffness and offset displacement on an overload and underload system are the same, but the sign of the bias term is related to the state of overload or underload, and the response amplitude is related not to the offset direction but its magnitude.
The effects of the damping ratio on the FRCs are prominent around the resonance frequency. In this region, when the damping ratio increases, the harmonic term amplitude and the peak amplitude decrease, but the bias term amplitude and the peak amplitude increase. The resonance frequency for the peak amplitude increases first and then decreases later. When the damping ratio is under a certain value, the harmonic term amplitude appears as an unbounded value, and the bias term amplitude tends to zero. For the same damping ratio value, bias term, and harmonic term amplitude, their peak amplitude and corresponding resonance frequency increase as the offset displacement increases. 
Effects of the Offset Displacement, Excitation Amplitude, and Damping
Ratio on the Transmissibility. The absolute displacement transmissibility and the absolute acceleration transmissibility are the key indices for evaluating the performance of an isolator excited by the displacement excitation. From (17), the overloaded nonlinear isolator is a nonlinear isolator with asymmetric restoring force, and its steady-state response contains a constant term 0 . Thus, it is not sufficient to evaluate the isolation performance of this kind of isolators by using only one of the indexes. The absolute displacement transmissibility can account for the effect of the constant term on the isolation performance. In this section, the absolute displacement and acceleration transmissibility are defined and investigated to evaluate the isolation performance of overload and underload systems, and they are compared with those of an ideal system and the equivalent linear system.
Definition of the Transmissibility.
The absolute displacement transmissibility is defined as the ratio between the amplitude of the absolute displacement of the mass and the excitation displacement. It is given by
wherêrepresents the nondimensional absolute displacement of the mass and̂is the nondimensional excitation displacement. Under the displacement excitation, the nondimensional absolute displacement of the mass for an overload or underload system can be expressed bŷ
And then its absolute displacement transmissibility can be obtained by
The absolute acceleration transmissibility is just the ratio of the amplitude of the absolute acceleration of the mass to that of the base and does not include the effect of the constant term. Its expression can be derived as
For the ideal system, the absolute displacement and acceleration transmissibility have the same expression:
where cos in (29), (30), and (31) can be determined in (20b) and setting 0 = 0 in (29) for the ideal system. Comparing (29) and (30), the difference is the bias term 0 . In (30), the effect of the bias term is eliminated. According to an investigation by Ravindra and Mallik [29] , the absolute displacement transmissibility cannot perform satisfactorily with the isolation performance of a nonlinear isolator at high frequencies for the displacement excitation. Thus, in this paper, the absolute acceleration transmissibility is also considered to evaluate the isolation performance of the overload and underload systems more comprehensively.
The absolute displacement and acceleration transmissibility of the equivalent linear system are also the same, and the expression can be found in [6] :
Effects of the Excitation Amplitude, Offset Displacement, and Damping Ratio on the Transmissibility.
A system under configurative parameters of the optimal value discussed in Section 2.2 and the damping ratio = 0.03 is considered to study the transmissibility characteristics. Assuming that the offset̂0 = ±0.02, ±0.04, ±0.06, the excitation amplitudê0 = 0.001, 0.01, 0.015, and the damping ratio = 0.03, 0.05, 0.07, the transmissibility of the overload and underload systems is studied, and the relative curves are presented in Figures  9-11 , respectively. The transmissibility of the equivalent linear system and the ideal system is also illustrated for comparison. Note that all the transmissibility results are plotted in dB, i.e., as 20 log 10 . In these figures, it can be seen that the absolute displacement and acceleration transmissibility of the nonlinear isolator are different from each other significantly at the same excitation level. The absolute displacement transmissibility is larger than the absolute acceleration transmissibility in the entire frequency range. This agrees well with the analysis of (29) and (30). The isolation performance of the ideal system and the overload (underload) system may be better or worse than that of the linear system in different frequency ranges for different excitation amplitudes. For the same excitation amplitude, at low frequency, the transmissibility in descending order is the ideal system, the overload (underload) system, and the equivalent linear system. When the frequency skips over the resonance frequency of the ideal system, the transmissibility of the ideal system starts to decrease, and so does that of the overload (underload) system as the frequency is larger than its resonance frequency. In the region around the resonance frequency of the linear system, the transmissibility descending is the overload (underload) system, the equivalent linear system, and the ideal system. At high frequency, the absolute acceleration transmissibility of the three systems approaches the same level, while the absolute displacement transmissibility of the overload (underload) system is larger than that of the ideal and equivalent linear systems caused by the constant term. It is different from the FRCs that for the same offset displacement the overload and underload systems have the same transmissibility.
As shown in Figure 9 , unlike the linear system which is not related to the excitation level, the peak amplitude and the corresponding resonance frequency of the absolute displacement and acceleration transmissibility for the overload or underload system decrease first and increase later, and those of the ideal system increase as the excitation amplitude increases. The peak amplitude of the transmissibility may appear as an unbounded value when the excitation amplitude is large enough; it means the isolation performance becomes worse. For a certain excitation amplitude, a smaller offset displacement results in a deviation toward the left of the transmissibility curve, a smaller peak amplitude, and a smaller resonance frequency. That is to say, the isolation frequency range of the system becomes wider, and the minimum isolation frequency tends to become lower, as the isolation performance increases. When the offset displacement disappears, the peak amplitude of the transmissibility and the corresponding resonance frequency have their minimum values, as shown in Figure 10 . The cubic stiffness has the same effects on the transmissibility as well as the excitation amplitude. For the ideal isolator, larger cubic stiffness yields larger peak amplitude of the transmissibility. However, the peak amplitude of the absolute displacement and acceleration transmissibility for the overload (underload) system decreases at first, increases later, and may become unbounded as the cubic stiffness increases.
In Figure 11 , for the ideal, overload (underload), and linear systems, when the damping ratio increases around the resonance frequency, the peak amplitude of the transmissibility decreases, and the corresponding resonance frequency decreases first and increases later. However, the transmissibility in the high frequency region increases accordingly, which means the isolation performance at higher frequencies worsens. For the ideal and overload (underload) system, the larger the damping ratio, the fewer the number of jump points. This means that the damper can be used to avoid the occurrence of jumps for the nonlinear isolator. In addition, if the damping ratio is large enough, the peak amplitude of the transmissibility for the ideal system will not occur, which implies that the isolation can isolate the vibration across the entire frequency range.
Experimental Investigation
Experimental Setup.
A prototype of the proposed nonlinear isolator is built in this section to verify the isolation performance of the proposed system, as shown in Figure 12 . The performance will be evaluated in terms of the acceleration transmissibility and compared among the overloaded and underloaded isolator and its linear counterpart, which is set by removing the curved-mount-spring-roller mechanism from the nonlinear isolator. The experimental setup is presented in Figure 13 . The nonlinear isolator is rigidly mounted on the platform of a vibration exciter (4). The controller (1) is used to control the excitation displacement of the vibration exciter; the data acquisition and analyzer system (DASP, 2) executes data acquisition from four sensors symmetrically mounted between the base and isolator in order to measure the transmitted vibration from the base, and analyzes it. Four acceleration sensors (6, 10) are installed on the exciter and the mass to collect the excitation and the response acceleration. Two pairs of pliers (9) are used to firmly tighten the isolator to the platform support. The parameters of the experimental prototype of the nonlinear isolator are = 30 mm, = 10 mm, and ℎ = 0. There are two coil springs in the horizontal direction and the stiffness of each of them is 50 N/mm, and the stiffness of the vertical spring is 25 N/mm. The rated mass of the isolator is 25 kg, and the corresponding theoretical resonance frequency of the linear system is calculated to be 5.04 Hz. The loaded mass is selected as 27.6 kg and 28.4 kg to realize overload and 22.5 kg to realize underload on purpose. The compression and offset displacements are listed in Table 2 , which are calculated rather than measured. The nonlinear isolator system is rigidly fixed on the vibration exciter platform, and the maximum acceleration of the exciter platform is 4 g. For comparison, the nonlinear isolator, which is overloaded and underloaded at different levels, and its linear counterpart are subject to the performance test. In this experimental test, the base is subject to a sinusoidal displacement excitation from the hydraulic vibration table. The excitation frequency is from 0.2 Hz to 15 Hz, and the excitation amplitude is set from 3 mm to 5.5 mm. By using DASP, which is a data acquisition and analysis software package, the root-mean-square value for the displacements of the system response and the excitation can be obtained. The acceleration transmissibility is defined as the ratio of acceleration RMS (root-mean-square) value of the response and the excitation.
Experimental Results.
The objective of this experiment is to compare the isolation performance of the overload (underload) system with the ideal system and the linear system. The experimental results of the acceleration transmissibility of the isolator which is overloaded and underloaded are shown in Figure 14 and compared with those of its linear counterpart and the ideal system. Vibration isolation plays a role when the transmissibility is lower than 1. From the transmissibility in Figure 14 , it can be seen that the performance of the nonlinear isolator is superior to the linear one in terms of the isolation frequency region. It is confirmed that the proposed curved-mount-spring-roller mechanism as a negative element can lower the dynamic stiffness of a linear isolator with positive stiffness. When the excitation amplitude increases, the peak transmissibility of the overload system and the corresponding resonance frequency decrease first and then increase, as shown in Figures 14(a) and 14(b) . For the same offset and excitation amplitude, the transmissibility of the overload and underload systems is almost the same at the peak amplitude and the resonance frequency, and they are larger than that of the ideal system. This is indicated in Figure 14 (c). It can be seen in Figure 14 (d) that as the overload level increases, the offset displacement increases, and the peak transmissibility and the resonance frequency both become larger. However, the isolation performance of the overloaded system is still better than that of the linear system. All of these results agree well with the analysis conclusion above. However, for a large damping ratio, the jumping phenomenon did not appear, and there was no unbounded response because the response displacement was limited by rigid limiters.
Conclusion
A nonlinear isolator composed of a curved-mount-springroller mechanism as the negative stiffness element and a vertical spring is studied theoretically and experimentally. The condition for achieving the zero stiffness at the static equilibrium position is obtained. Combinations of the configurative parameters are optimized for a wide displacement range around the static equilibrium position with a low dynamic stiffness and with the stiffness changing slightly. The overload and underload conditions, which result in an offset displacement of the static equilibrium position from the zero-stiffness position, are taken into consideration. The differential equation of the motion is set up and the approximate solution is obtained by employing the HBM. The frequency response curves of the overload and underload system for the displacement excitation have been plotted with different parameters such as the excitation amplitude, the offset displacement, the damping ratio, and the cubic stiffness.
Mathematical Problems in Engineering Figure 14 : Experimental results for the acceleration transmissibility of the nonlinear and the linear isolator under different excitation amplitudes and the offsets: (a) overload system for excitation amplitude of 3 mm--green, 3.5 mm--cyan, 4 mm--black, 4.5 mm--red, 5 mm--blue, the linear system--magenta; (b) underload system for excitation amplitude of 3 mm--green, 3.5 mm--cyan, 4 mm--black, 4.5 mm--red, 5 mm--blue; (c) comparison among the ideal system--black, overload system--blue and underload system--red; and (d) overload system for the mass of 27.6 kg--red, 28.4 kg--blue.
According to the theoretical simulation, the system has the nonlinear behavior, and it has the linear, softening, softeninghardening, and purely hardening stiffness characteristics depending on the magnitude of the excitation amplitude and the excitation frequency. An unbounded response may occur as the excitation amplitude increases. Two kinds of transmissibility (the absolute displacement and acceleration transmissibility) are defined, and the isolation performance of the nonlinear isolator is evaluated by them. The transmissibility of the underload system is the same as that of the overload system; the transmissibility has nothing to do with the offset direction but its magnitude. Reducing the offset displacement and the excitation amplitude is helpful to improve the isolation performance of the isolator. Increasing the damping ratio is a way to decrease the peak amplitude of the response, avoid the jump phenomenon, and reduce the unstable region, but with the isolation performance for high frequency worsening.
Some experiments are carried out to validate the theoretical analysis. It is confirmed that, with the increase of the excitation amplitude, the acceleration transmissibility and the corresponding resonance frequency of the overload system decrease first and increase later. In addition, smaller offset displacement results in a smaller peak amplitude of the transmissibility and corresponding resonance frequency. The jump phenomenon did not appear in the experiment, probably because the damping ratio is too large.
Compared with the linear isolator, the nonlinear isolator has excellent low-frequency isolation performance whether under overload or underload state. The isolator with a negative stiffness element exhibits a better vibration isolation performance when the excitation amplitude is not too large. For a certain nonlinear isolator, limiting the excitation amplitude and increasing the damper appropriately are effective ways to obtain better isolation performance. For a nonlinear isolator, appropriate overloaded or underloaded employing is beneficial to obtain a lower isolation frequency but a larger peak amplitude.
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